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The holy grail of computational physics

"The fundamental laws necessary for the math-
ematical treatment of a large part of physics
and the whole of chemistry are thus com-

pletely known, and the di�culty lies only in
the fact that application of these laws leads to
equations that are too complex to be solved.
"

Paul Dirac, 1929
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The holy grail of computational physics

"...approximate practical methods of apply-
ing quantum mechanics should be developed,
which can lead to an explanation of the main
features of complex atomic systems without

too much computation."

Paul Dirac, 1929
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Trade-o� between cost and accuracy
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Statistical mechanics

P(Ω) = e−
H(Ω)
kT

Sl ≈ k

∑
Ω

P(Ω) log(P(Ω))

Ludwig Boltzmann

A microstate is a speci�c realization
of the coordinates and velocities of all
atoms in the system.
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Outline

What we will talk about:

A ML potential for water.

Hydrogen under high pressure.

The extend of locality in MLP.

Extracting ice-like local environments from liquid water.
Water phase diagram.
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The mystery about water

Densest at 4 degree Celsius.

Ice �oats on water.

Unusually high melting point.

Intricate nuclear quantum e�ects.

Why hexagonal ice is more
stable?

ice Ih ice Ic
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ML potential, a blackbox view
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Local atomic environments
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Local atomic environments

Popular representations for comparing atomic environments

Smooth overlap of atomic positions (SOAP) [ Bartók, Kondor & Csányi
PRB 2013]

Behler-Parrinello symmetry functions [ Behler & Parrinello PRL 2008]

Permutation invariant polynomials [ Braam & Bowman 2008 ]
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Local atomic environments

Similar atomic environments are encountered over and over again.

If you do MD, you lose!

Near-sightedness of energy and forces of each environment.
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Construct ML potentials

Step 1: Collect environments.

E =
∑

Ei

Step 2: Interpolate.
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Decide whether to make ML potentials
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Training set for bulk water

revPBE0-D3 reference:

AIMD and PIMD simulations
[Marsalek & Markland JPCL 2017]

Benchmarks with CCSD(T) and DMC
[Brandenburg 2019]

Trained using BP neural network.

[Behler Parrinello PRL 2008;
Morawietz, et al. PNAS 2016]

Training set:
25/04/2019 https://archive.materialscloud.org/2018.0020/v1

(https://www.nature.com/sdata/policies/repositories#materials)

materialscloud:2018.0020 (/2018.0020/v1)

Ab initio thermodynamics of liquid and solid water: supplemental
materials

1593 bulk liquid 64 water
molecules
( energy + forces)

1000 structures from
quenches at a wide range of
densities.

593 structures from PIMD.
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Neural network potential for water

[Cheng, Engel, Behler, Dellago & Ceriotti PNAS 2019]

revPBE0+D3 DFT functional
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Neural network potential for water

[Cheng, Engel, Behler, Dellago & Ceriotti PNAS 2019]

revPBE0+D3 DFT functional
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Thermodynamic integration

 

Transform continuously between systems A and B via a parameter λ,

FA − FB =

∫ λB

λA

dF (λ)

dλ
dλ
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Comparison between two NN potentials
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Promote NNP to DFT
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Promote NNP to DFT
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Promote NNP to DFT
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From Neural network potential to DFT

The Gibbs free energy of the system described by the DFT:

G = −kBT ln

∫
dq exp

[
−U(q) + PV

kBT

]
The Gibbs free energy of the system described by the ML potential:

GML = −kBT ln

∫
dq exp

[
−UML(q) + PV

kBT

]

G − GML = −kBT ln

∫
dq exp

[
−UML(q) + PV

kBT

U(q)− UML(q)

kBT

]
∫
dq exp

[
−UML(q) + PV

kBT

]
G − GML = −kBT ln

〈
exp

[
U(q)− UML(q)

kBT

]〉
ML

Free energy perturbation method
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From Neural network potential to DFT

G − GML = −kBT ln

〈
exp

[
U(q)− UML(q)

kBT

]〉
ML

∆µ = (G − GML)/N
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Comparison between two NN potentials
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The work�ow of ab initio thermodynamics
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Nuclear Quantum e�ects
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Quantum kinetic energy

[Cheng & Ceriotti JCP 2014;
Cheng, Behler & Ceriotti JPCL 2016]

dG

du
= −〈Ek(u)〉

u

Gqm − Gcl =

∫ ∞
m

du
〈Ek(u)〉

u
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Hexagonal and cubic ice

ice Ih ice Ic

[http://www.phase-trans.msm.cam.ac.uk/dendrites.html]
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Hexagonal and cubic ice

ice Ih ice Ic

[http://www.phase-trans.msm.cam.ac.uk/dendrites.html]
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Hexagonal and cubic ice

NQEs signi�cantly stablize
hexagonal ice.

Hexagonal ice is more stable.

ice Ih ice Ic

[http://www.phase-trans.msm.cam.ac.uk/dendrites.html]
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Ice and liquid water

Umbrella simulation using NN potential:

Hbiased(q) = HML(q) +
κ

2

(
Φ− Φ̄

)2

The di�erence between the melting points of H2O and D2O agrees with
experiment (3.82 K).

Error in melting point of H2O is about 1%.
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Outline

What we will talk about:

A ML potential for water.

Hydrogen under high pressure.

The extend of locality in MLP.

Extracting ice-like local environments from liquid water.
Water phase diagram.
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High pressure hydrogen

Center of giant planets.

Exotic properties, e.g. room-temperature superconductor.
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Experimental measurement of liquid-liquid
Transition

[Celliers et al., Science 361, 677�682 (2018)]
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Probe LLT using DFT calculations
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ML potentials

Density functional theory

Size: ~100 atoms
Time: picoseconds (10−12 S)
Scaling: cubic (ON3)
Cost: up to millions of CPU hours

ML atomic interactions

[ Behler & Parrinello PRL 2008;
Bartók et al PRL 2010]

Size: >1,000 atoms
Time: nanoseconds (10−9 S)
Scaling: linear (ON)
Cost: laptop friendly
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Phase diagram of high pressure hydrogen

[Cheng, Mazzola, Pickard & Ceriotti Nature 2020]

Celliers 2018

Knudson 2015

Ohta 2015

Zaghoo 2017, 2016

Mcwilliams 2016
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Phase diagram of high pressure hydrogen

[Cheng, Mazzola, Pickard & Ceriotti Nature 2020]
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Phase diagram of high pressure hydrogen

[Cheng, Mazzola, Pickard & Ceriotti Nature 2020]

Regular solution model:
g(x) = x∆g + kBTx ln(x) + kBT (1− x) ln(1− x) + ωx(1− x)

ML potentials trained using PBE DFT
(we also tried BLYP DFT and quantum Monte Carlo)
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Phase diagram of high pressure hydrogen

[Cheng, Mazzola, Pickard & Ceriotti Nature 2020]
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Outline
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Construct ML potentials

Step 1: Collect environments.

E =
∑

Ei

Step 2: Interpolate.
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Use the atomic energies of MLPs

Compare the atomic energies (O, H) from two NNPs
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Use the atomic energies of MLPs

Compare molecular energies from two NNPs
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Green-Kubo for heat conductivity

The Green-Kubo (GK) relationship states that

λ =
1

VkBT 2

∫ ∞
0

dt〈J(0)J(t)〉

where the heat �ux is

J(t) =
N∑
i

eivi +
∑
i<j

(Fij · vi )rij

The problem:
the atomic energy ei and forces Fij between two atoms are poorly de�ned.
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Heat conductivity from density �uctuations

Take a Fourier expansion of the density �eld in space

ρ̃(k, t) =
1

V

∫
V

drρ(r, t) exp(−ik · r) =
1

V

N∑
i=1

exp(−ik · ri (t))

The approximate solution of the hydrodynamic equations of ρ̃ to the second
order of k:

Cρ̃(k, t) =

∫ t

0

dt〈ρ̃(k, 0)ρ̃(k, t)〉

= ρ2k

[
γ − 1

γ
exp(− λ

cP
k
2
t) +

1

γ
exp(−Γk2t) cos(cskt)

]
Two poles modes:−i λ

cP
k2 and csk − iΓk2.

λ: heat conductivity cs : speed of sound Γ: sound attenuation constant
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High-pressure hydrogen �uid

[Cheng & Frenkel PRL 2020]

MLP of high-P hydrogen.
2000 K, 33 GPa
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High-pressure hydrogen �uid

[Cheng & Frenkel PRL 2020]

MLP of high-P hydrogen.
2000 K, 33 GPa
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Outline

What we will talk about:

A ML potential for water.

Hydrogen under high pressure.

The extend of locality in MLP.

Extracting ice-like local environments from liquid water.
Water phase diagram.
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Training set for bulk water

revPBE0-D3 reference:

AIMD and PIMD simulations
[Marsalek & Markland JPCL 2017]

Benchmarks with CCSD(T) and DMC
[Brandenburg 2019]

Trained using BP neural network.

[Behler Parrinello PRL 2008;
Morawietz, et al. PNAS 2016]

Training set:
25/04/2019 https://archive.materialscloud.org/2018.0020/v1

(https://www.nature.com/sdata/policies/repositories#materials)

materialscloud:2018.0020 (/2018.0020/v1)

Ab initio thermodynamics of liquid and solid water: supplemental
materials

1593 bulk liquid 64 water
molecules
( energy + forces)

1000 structures from
quenches at a wide range of
densities.

593 structures from PIMD.
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Candiate ice phases

[ Engel, et al. Nature Comm. 2018]
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Candiate ice phases

PCA map for the ice phases
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PCA map of Ice and water

[Monserrat, Brandenburg, Engel & Cheng arXiv 2020]

1,000 liquid water + 54 ice phases
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PCA map of Ice and water

[Monserrat, Brandenburg, Engel & Cheng arXiv 2020]
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DFT Vs. NNP

[Monserrat, Brandenburg, Engel & Cheng arXiv 2020]

revPBE0-D3 (CP2K), revPBE0-D3 (VASP), HSE-3c (CRYSTAL07)
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Phonon density of states

[Monserrat, Brandenburg, Engel & Cheng arXiv 2020]
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Phonon density of states

[Monserrat, Brandenburg, Engel & Cheng arXiv 2020]
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Phonon density of states

[Monserrat, Brandenburg, Engel & Cheng arXiv 2020]
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Phonon density of states

[Monserrat, Brandenburg, Engel & Cheng arXiv 2020]
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Outline

What we will talk about:

A ML potential for water.
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Hybrid DFT phase diagram of water
[Reinhardt & Cheng arXiv 2020]

reference

classical
MLP

classical
DFT

quantum
DFT

(i) anharmonicity
(ii) correction (iii) NQEs
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Hybrid DFT phase diagram of water
[Reinhardt & Cheng arXiv 2020]
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[revPBE0-D3]

d alternative DFT functionals
[ PBE0-D3 B3LYP-D3]

Averaged over di�erent proton disordered states, nuclear quantum e�ects
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Hybrid DFT phase diagram of water
[Reinhardt & Cheng arXiv 2020]
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Future work: high-pressure water

[Millot et al. Nature 569,251-255 (2019)]
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https://github.com/BingqingCheng/ASAP

Contributors: Ryan-Rhys Gri�ths, Tamas Stenczel, Bonan Zhu, Felix Faber,
Noam Bernstein

Low-dimensional embedding, regression

Sparsi�cation

Clustering, kernel density estimation
45



Thermodynamic integration

Consider two systems, A and B, which
can be transformed continuously be-
tween each other via a parameter λ,

FA − FB =
∫ λB
λA

dF (λ)

dλ
dλ

This parameter can be

Thermodynamic variables
(temperature, volume,
concentration, etc.)

Switching parameter between
di�erent Hamiltonians

Order parameters (reaction
coordinates)
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Thermodynamic integration routes

[Cheng & Ceriotti PRB 2018]

−→ Between harmonic and real crystal.
∆A =

∫ 1
0
dλ 〈U − Uh〉V ,T0,λ

−→ Integrate with respect to temperature.

∆A = −
∫ T1

T0

〈K + U〉V ,T
T 2

dT

−→ From NVT to NPT ensemble; from A
to G.

−→ Integrate with respect to temperature.

∆G = −
∫ T1

T0

〈H〉P,T
T 2

dT

To get the Helmholtz free energy A :−→−→
To get the Gibbs free energy G:−→−→−→
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Getting started

A detailed yet simple description of the methodology

Python notebooks and scripts Sample input �les
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The i-PI 2.0 code

[V. Kapil, et al. Computer Physics Communications (2018).]r

The Socket Interface
Run i-PI and the force calculator over different HPC centers!

Although the modular design of the code allows for direct, library-like calls to force evaluators, the main mode of functioning of i-PI allows to

use a separate ab initio or empirical force evaluation code to compute interatomic forces. The implementation is based on a client-server

paradigm, where i-PI acts as the server and deals with the propagation of the nuclear dynamics, whereas the calculation of the potential

energy, forces and the potential energy part of the pressure virial is delegated to one or more instances of an external code, acting as clients.

Since the main focus is on performing ab initio PIMD - where the cost of the force evaluation is overwhelming relative to the ionic dynamics -

clarity has been privileged over speed. Still, the implementation of i-PI is ef�cient enough that it can be used with empirical force�elds to

perform simple benchmarks and preparatory simulations. See more about i-PI implementation in the publication that accompanies its

release.



THANKS TO
(http://ipi-code.org)

Built on Feeling-Responsive (https://phlow.github.io/feeling-responsive/)

Sandip De (http://sandipde.com)

Piero Gasparotto (http://ipi-code.org)

Created by GRHAWK (HTTPS://GRHAWK.GITHUB.IO) with JEKYLL (HTTP://JEKYLLRB.COM/) based on FEELING RESPONSIVE (HTTP://PHLOW.GITHUB.IO/FEELING-

RESPONSIVE/).



(http://github.com/i-

pi)

 i-PI: a universal force engine (http://ipi-code.org) NAVIGATION

 (http://ipi-code.org)
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Path-integral formulism

The density of states: ρ(q) = 〈q|e−
K̂+Û
kBT |q〉

K̂ Û 6= ÛK̂ → e
− K̂
kBT e

− Û
kBT ) 6= e

− Û
kBT e

− K̂
kBT

Trotter expansion:

e
− K̂+Û
kBT = lim

p→∞

[
e
− Û

2PkBT e
− K̂
PkBT e

− Û
2PkBT

]P
= lim

p→∞
Ω̂P

Insert identity: 1 =
∫
dq〈q|q〉

〈q|e−
K̂+Û
kBT |q〉 = limp→∞

∫
dq(1)q(2) . . . q(P−1)

×〈q|Ω̂|q(1)〉〈q(1)|Ω̂|q(2)〉〈q(2)| . . . |q(P−1)〉〈q(P−1)|Ω̂|q〉

〈q(j)|Ω̂|q(j+1)〉 =

√
mPkBT

2π~2
e
− Û(q(j))+Û(q(j+1))

2PkBT e
−mPkBT

2~2
(q(j)−q(j+1))2
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kBT |q〉 = limp→∞

∫
dq(1)q(2) . . . q(P−1)

×〈q|Ω̂|q(1)〉〈q(1)|Ω̂|q(2)〉〈q(2)| . . . |q(P−1)〉〈q(P−1)|Ω̂|q〉

〈q(j)|Ω̂|q(j+1)〉 =

√
mPkBT

2π~2
e
− Û(q(j))+Û(q(j+1))
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kBT ) 6= e

− Û
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− Û(q(j))+Û(q(j+1))

2PkBT e
−mPkBT

2~2
(q(j)−q(j+1))2

50



Ring polymer molecular dynamics

1
2 3

4

...P

beads

centroid

Isomorphism between a quantum mechanical particle and a ring polymer connected
by harmonic springs. The Hamiltonian can be expressed as

H(p,q) =
P∑
j=1

[p(j)]2

2m
+ V (q(j)) +

1

2
m(

PkBT

~
)2[q(j) − q(j−1)]2

q(0) = q(P)

[Tuckerman, Statistical Mechanics]
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Ice and liquid water

Umbrella simulation using NN potential:

Hbiased(q) = HML(q) +
κ

2

(
Φ− Φ̄

)2

The di�erence in the melting points of H2O and D2O is compariable
with experiment (3.82 degrees).

D2O and classical water have almost the same chemical potential, why?

Error in melting point of H2O is about 2%.
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Benchmark on Lennard-Jones

[Cheng & Frenkel arXiv 2020]

Dashed lines: simulations
Solild lines: �ts using the hydrodynamic equation.
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Dashed lines: simulations
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Benchmark on Lennard-Jones

[Cheng & Frenkel arXiv 2020]

Blue dots: heat conductivity computed with WAVE at di�erent k.
Solid line: Green-Kubo
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Benchmark on Lennard-Jones

[Cheng & Frenkel arXiv 2020]

WAVE Vs. Green-Kubo
at di�erent thermodynamic conditions
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